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ABSTRACT
Prediction remains one of the fundamental
reasons for regression analysis. In satisfying
the assumptions of regression analysis such
as collinearity between explanatory variables
is a significant issue in data science. Classical
Linear Regression Model (CLRM) do show
higher correlation coefficients, its estimate
not stable and the predictive model developed
may be inaccurate due to collinearity problem
that always leads to over fitting. Advanced
level methods or penalized regression such as
Ridge, Lasso and Elastic net regression
methods are designed to overcome such
problem. This work is therefore gear towards
finding the best penalized regression model
for predicting and modeling of Nigeria’s
economic data. Using the Nigerian economic
data from NBS and using Root Mean Square
Error (RMSE) to compare the three methods,
Ridge regression has RMSE value of 0.0307,
Lasso has 0.0290 and Elastic net has 0.0302.
This implies that Lasso regression performs
better than both Ridge and Elastic net
regression on Nigerian economic data. The
analysis was done using the R software for
statistical computing.
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INTRODUCTION
The gross domestic product (GDP) is one of
the primary indicators used to gauge the
health of a country’s economy. It represents
the total money value of all goods and
services produced over a specific time period;
you can think of it as the size of the
economy. Usually, GDP is expressed as a

comparison to the previous quarter or year.
For example, if the year-to- year GDP is up
5%, this is thought to mean that the economy
has grown by 5% over the last year. The
expenditure method is the more common
approach and is calculated by adding total
consumption, investment, government
spending and net exports.
Typically, a simple model such as linear
regression may fail in mapping the
underlying concept due to collinearity and
too complex ones such as generalized
regression tend to over fit the data due to lack
of functional link and collinearity as well
Hastie et al (2017); Guyon and Elisseeff
(2003). Often the traditional regression model
can show higher correlation coefficients, but
can suffer from over fitting and its lower
prediction accuracy Aleixandre-Tudo et al
(2015). One of the ways of avoiding over
fitting is using cross validation that helps in
estimating the error over test data set, and in
deciding what parameters work best for your
model Mayooran et al (2019).
Regularization process imposes an upper
threshold on the values taken by the
coefficients that constrains or shrinks the
coefficient estimates towards zero especially
for the variables which influence the over
fitting. Mayooran et al (2019) In data
science, the analyst might be interested in the
esti-mated values for the objects in the
training set, predicting responses for new
objects. However, identifying which input
variables are most important in making good
predictions, is challenging due to complex
relations between these variables Rahman, A.
(2008)
The aim of this research is to determine the
best penalized regression model for
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predicting and modeling of Nigeria’s
economic data as supervised statistical
learning problems with specific objectives to:
i. Explore the strength and weaknesses of the
penalized regression models.
ii. The comparing of the models for the
selection of best penalized model among the
three models for prediction
iii. To Perform prediction on the best selected
model
iv. To determine the economic relationship
between each economic indices.

The study provides better understand to the
relationship that exists between GDP and
other sectors of the economy and it explains
the role of all indices and their contributions
to the economy.

METHODOLOGY
Ridge Regression technique
Don't forget that the least squares fitting
procedure estimates � � , � � , … , � � using the
values that minimize
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Ridge regression as invented by Hoerl and
Kennard (1970) is very similar to least
squares, except that the coefficients are
estimated by minimizing a slightly different

quantity. In particular, the ridge regression

coefficient estimates � � � are the values that
minimize
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that is � � � + � ∑ � �
��
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where � ≥ 0 is a tuning parameter, to be
determined separately. As with least squares,
ridge regression seeks coefficient estimates
that fit the data well, by making the RSS
small. However, the second term, � ∑ � �

�
� ,

called a shrinkage penalty, is small when
� � , … , � � are close to zero, and so it has the

effect of shrinking the estimates of � �

towards zero. The tuning parameter A serves
to control the relative impact of these two
terms on the regression coefficient estimates.
When � = 0, the penalty term has no effect,
and ridge regression will produce the least
squares estimates. However, as � → ∞, the
impact of the shrinkage penalty grows, and
the ridge regression coefficient estimates will
approach zero. Unlike least squares, which
generates only one set of coefficient
estimates, ridge regression will produce a

different set of coefficient estimates, � � �
� , for

each value of � . Selecting a good value for A
is critical. The shrinkage penalty is applied to
� � , … , � � , but not to the intercept � � . We

want, to shrink the estimated association of
each variable with the response; however, we
do not want to shrink the intercept, which is
simply a measure of the mean value of the
response when � � � = � � � = ⋯ = � � � = 0. If
we assume that the variables; that is, the
columns of the data matrix � have been
centered to have mean zero before ridge
regression is performed, then the estimated

intercept will take the form � � = � � = ∑
� �

�

�
� � �

Lasso Regression technique
Ridge regression does have one obvious
disadvantage. Unlike best subset, forward
stepwise, and backward stepwise selection,
which will generally select models that
involve just a subset of the variables, ridge
regression will include all p predictors in the
final model. The penalty � ∑ � �

� in (2) will

shrink all of the coefficients towards zero, but
it will not set any of them exactly to zero
(unless � = ∞). This may not be a problem
for prediction accuracy, but it can create a
challenge in model interpretation in settings
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in which the number of variables � is quite
large. So we might wish to build a model
including just these predictors. However,
ridge regression will always generate a model
involving all the predictors. Increasing the
value of � will tend to reduce the magnitudes
of the coefficients, but will not result in

exclusion of any of the variables. The lasso
as invented by Tibshirani (1996) is a
relatively recent alternative to ridge
regression that overcomes this disadvantage.

The lasso coefficients, � � �
� , minimize the

quantity

� � � � − � � − � � � � � �

�

� � �

�

�
�

� � �

+ � � � � � � (3)
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that is � � � + � ∑ � � � ��
� � �

Comparing (2) to (3), we see that the lasso
and ridge regression have similar
formulations. The only difference is that the
� �

� term in the ridge regression penalty (2)

has been replaced by � � � � in the lasso penalty

(3).
In statistical parlance, the lasso uses an ℓ�

(pronounced 'ell 1') penalty instead of an ℓ �

penalty. The ℓ� norm of a coefficient vector

� is given by ‖ � ‖� = ∑ � � � � . As with ridge
regression, the lasso shrinks the coefficient
estimates towards zero. However, in the case
of the lasso, the ℓ� penalty has the effect of
forcing some of the coefficient estimates to
be exactly equal, to zero when the tuning
parameter � is sufficiently large. Hence,
much like best subset selection, the lasso
performs variable selection. As a result,
models generated from the lasso are generally

much easier to interpret than those produced
by ridge regression. We say that the lasso
yields sparse models, that is; models that
involve only a subset of the variables. As in
ridge regression, selecting a good value of �
for the lasso is critical.

Elastic net regression technique
Elastic net linear regression as invented by
Zou and Hastie (2005) uses the penalties
from both the lasso and ridge techniques to
regularize regression models. The technique
combines both the lasso and ridge regression
methods by learning from their shortcomings
to improve on the regularization of statistical
models. The elastic net method improves on
lasso's limitations, i.e., where lasso takes a
few samples for high dimensional data, the
elastic net procedure provides the inclusion
of 'n' number of variables until saturation.

� � � � − � � − � � � � � �

�

� � �

�

�
�

� � �

+ � � (1 − � ) � � � + � � | � | � (4)

if � = 0 then. (4) is ridge regression while if
� = 1 then (4) becomes Lasso regression. In
a case where the variables are highly
correlated groups, lasso tends to choose one
variable from such groups and ignore the rest
entirely. To eliminate the limitations found in
lasso, the elastic net includes a quadratic
expression (‖ � ‖ � ) in the penalty, which,
when used in isolation, becomes ridge
regression. The quadratic expression in the
penalty elevates the loss function toward
being convex. The elastic net draws on the
best of both worlds i.e., lasso and ridge

regression. In the procedure for finding the
elastic net method's estimator, there are two
stages that involve both the lasso and
regression techniques. It first finds the ridge
regression coefficients and then conducts the
second step by using a lasso sort of shrinkage
of the coefficients. This method, therefore,
subjects the coefficients in two types of
shrinkages. The double shrinkage from the
naÃŕve version of the elastic net causes low 
efficiency in predictability and high bias. To
correct, for such effects, the coefficients are
rescaled by multiplying them by (1 + l � ) .
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Elastic Net Regularization
During the regularization procedure, the ℓ�

section of the penalty forms a sparse model.
On the other hand, the quadratic section of
the penalty makes the ℓ� part more stable in
the path to regularization, eliminates the
quantity limit of variables to be selected, and
promotes the grouping effect. The grouping
effect helps the variables to be easily
identified using correlation. That enhances
the sampling procedure. It also increases the
number of variables selected, since when one
variable is sampled in a highly correlated
group, all the other variables in that group are
automatically added into the sample.

Variables Selection
Model building requires variables selection to
form a subset of predictors. Elastic net uses
the � ≫ � problem approach, which means
that the number of predictors' numbers is
higher than the number of samples used in
the model. Elastic net is appropriate when the
variables form groups that contain highly
correlated independent variables. Variable
selection is incorporated into the model-
building procedure to aid in raising the

accuracy. In the case where a group of
variables is highly correlated and one of the
variables is selected into the sample, the
whole group is automatically included in the
sample.

Cross-validation of Ridge and Lasso
Cross-validation is an appropriate method to
find a 'most suitable' estimate for the l
parameter with a given data set. Typically, l
values that are too small can lead to over
fitting when the model would tend to
describe the noise in the data. On the other
side, large l values would lead to under
fitting when the procedure cannot capture the
underlying relationship. To perform cross
validation, first the initial data set is
randomly divided into � blocks of equal
length. One of the blocks is assigned the role
of the test set while the remaining 1 blocks
together constitute the train set. In practice
the number of blocks is usually selected to be
5 or 10. Next we choose a grid of values
� = λ � and calculate the regression
coefficients for each λ � value. Given these
regression coefficients, we then compute the
residual sum of squares.

� � � � �
� = � � � � − � � � ( � , λ � ) � � �

� � �

� � �

�

�
�

� � �

(5)

where � = 1, . . . . � is the index of the block selected as the test set. One can obtain the average of
these RSS values over all blocks.

� � � � �
=

1

�
� � � � � �

� (6)

�

� � �

� is then set equal to λ � , that gives the
minimum � � � � �

. Second popular approach

utilizes the 'one-standard-error rule'. For each
� � � � �

the standard error of the mean is

calculated. Then the largest λ � is selected for
which � � � � �

is within one standard error of

the minimum MSE value. This way we get a
‘more regularized’ model while increasing
the MSE by not more than one standard error.

RESULTS
Data Summary
The Nigeria economic data set used for this
research is gotten from the site of Nigeria
Bureau of Statistics (NBS) website

www.nigerianstat.gov.ng. The economic data
set describes the economic activities in
Nigeria and their contributions to the Gross
Domestic Product (GDP). In this work, we
only analyze the economic data by
considering the 18 economic predictors p =
18 which encompasses the economic
activities in the country for 38 years n = 38
that is, 1981-2018. We build regression
models that describe how the GDP quality
score depends on the economic indices
characteristics of the data using Ridge, Lasso
and Elastic Net. We use R software for all
calculations, namely its glmnet package.



VOL 7, NO 1, JUNE 2021.
ISSN: 2276-7924 www.ijssyabatech.com

48 | P a g e
VOL 7, NO 1, JUNE 2021. ISSN: 2276-7924

Ridge Regression plot

Ridge plot

Figure 1: ridge plot

The plot (figure 1) above shows that when
log lambda is at about 8, all the coefficients
are more or less zero and as Lambda is
(relaxed) reduced, the coefficient of variable
starts to grow and as it grows, the sum of
squares of the coefficients are likely to
become larger. At the top of the plot, it
shows that at every point we have all 18
predictive variables in the model. So
increasing lambda helps to reducing the size
of the coefficients, it does not make the
coefficients of those that are not contributing
zero.) Coefficients of other X variables
increase as Lambda reduces, this means that
the coefficient that does not increase rapidly
as Lambda is reduced performs better in the
model to the one that increases rapidly

Ridge Regression Model
Now, fitting the Ridge regression model for

the data set, (train set). We want to choose �

large enough to provide stable coefficients,

but not unnecessarily large ones,

as this introduces additional bias and

increases the residual mean square.

This study uses cross validation method for

estimated � . The figure 2 depicts the mean

squared prediction error against log (� ). The

gray bars at each point show MSE plus and

minus one standard error (Interval). One of

the vertical dashed lines shows the location

of the minimum of MSE. The second dashed

line shows the point selected by the one-

standard-error rule. Using the cross-

validation results, we now get proper values

for log (� ). In this case R programming gives

that exact proper � values ridge.bestlam (i.e.

Ridge� � � � � ) = 0.1723006 and ridge.lam1se

(i.e. Ridge� 1� � ) = 0.3980367. It is apparent

that the mean squared prediction errors are

fairly large for a high value of log (� ).
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Lasso regression plot

Lasso plot

The plot above (figure 3) shows that when
log lambda is at about -0.2, all the
coefficients are more or less zero, and as
Lambda is (relaxed) reduced, not all the
coefficient of variable starts to grow because
some have been shrunk to zero and some
parameters grows, the sum of squares of the
coefficients will become larger. At the top of
the plot, it shows that at the point where
lambda is relaxed to -2.0 only 5 predictive
variables were in the model and as lambda is
relaxed the more, more predictive variables
will be in the model which will lead to
overfitting. So increasing lambda helps to
reduce the size of the coefficience, it makes
the coeffience of those that are not
contributing zero. Coefficient of other
predictive variables increase as Lambda is
reduced. The coefficient of variable in blue

colour starts to grow rapidly while coefficient
of variable in red, black etc. grows gradually
as lambda is relaxed, this means that the
coefficient that does not increase rapidly as
Lambda is reduced performs better in the
model to the one that increases rapidly.

Lasso Regression Model
Next, we fit the Lasso regression model for
white wine data (train set). The figure 4
below depict the mean squared prediction
error against log (� ). Using the cross-
validation results, we now get proper values
for Lasso model as � values lasso. bestlam
(i.e. Lasso� � � � � ) = 0.02874147 and
lasso.lam1se (i.e. Lasso � 1� � ) = 0.0346192.
Graph shows that the mean squared
prediction errors are dramatically increasing
with the log (� ) value of around -3.4.

Figure 2: Cross-validated estimate of the mean square error for Ridge

Figure 3: lasso plot
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Elastic Net Regression Plot

Elastic Net plot

The (figure 5) plot above shows that when log

lambda is at about -0.2, all the coefficients are

more or less zero, and as Lambda is (relaxed)

reduced, not all the coefficient of variable starts

to grow because some have been shrunk to

zero and some parameters grows, the sum of

squares of the coefficience will become larger.

At the top of the plot, it shows that at the point

where lambda is relaxed to -2.0 only 5

predictive variables were in the model and as

lambda is relaxed the more, more predictive

variables will be in the model which will lead

to overfitting. So increasing lambda helps to

reduce the size of

the coefficience, it makes the coeffience of

those that are not contributing zero. Coefficient

of other predictive variables increase as

Lambda is reduced. The coefficient of variable

in blue colour starts to grows rapidly while

coefficient of variable in red, black etc. grows

gradually as lambda is relaxed, this means that

the coefficient that does not increase rapidly as

Lambda is reduced performs better in the

model to the one that increases rapidly.

Note that it is a coincident that the Lasso and

Elastic net plot looks same

.

Figure 4; Cross-validated estimate of the mean square error for Lasso

Figure 5; Elastic Net plot
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Elastic Net Regression Model

The lines in figure 6 above are lines of
regularization parameter values starting from
0 to 1 and it shows that the root mean square
of the line in red is higher compared to the
once below i.e the lines in green, blue and
purple, and it decreases in that order.

Comparing results
In this section, we are comparing all the three
models by using RMSE. First we estimated λ 
values based on train data sets by using two
cross validation. Then we apply our estimated
λ values in train data for estimating 
coefficients from Ridge, Lasso Elastic Net
models. Results are presented in table 1. The
estimated coefficient values especially for the
Lasso model tends to converge to zero for
some parameters.

Figure 6; Elastic Net model plot
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As can be seen, ridge and lasso models
produce a more regularized model in the
sense that the coefficient estimates get more
’shrunk’ towards zero when λ best values 
moves to λ1se . In case of  
Lasso, the coefficients β4, β6, β8 β11 β13, 
β14, β15, β16, β17 and β18 becomes equal to  
zero which makes it easier for interpretation
as compare to ridge regression and Elastic
net.

To compare the performance of all models,
we calculate the RMSE on the test set. The
root mean squares error (RMSE) values for
all the methods are given in table 2. From the
table of coefficient estimates for the
economic data
above, it is clear that the advantage of lasso
over ridge is evident as it shrinks some
coefficient to exact zero and makes it easier
for interpretation of the model
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The table 2 above shows the prediction
performance of the models, about 99.54% of
variations in the data where explained by the
ridge regression model with RMSE 0.0815
while about 99.99% of the total variations
was explained by Lasso with RMSE 0.0402
and about 99.86% of the total variations
where also explained by Elastic Net with
RMSE 0.0533. This therefore means that
more variations where explained by Lasso
model and having the lowest RMSE as
compared to Ridge and Elastic Net

Using the Nigerian economic data from NBS,
it is very clear that Lasso model performed
better than both ridge and elastic net model
using Root Mean Square Error (RMSE) to
compare the three methods. Ridge regression
has RMSE value of 0.0307, Lasso has 0.0290
and Elastic net has 0.0302. This implies that
Lasso regression performs better than both
Ridge and Elastic net regression on Nigerian
economic data with the lowest mean RMSE
as shown in table 3 and in table A1 in
appendix

CONCLUSION
The Ridge regression tends to shrink
coefficients close to zero, the Lasso and
Elastic Net tend to shrink to zero coefficient
estimates in the sense that they reduce the
norm of the estimate vector as λ increases.  
The Ridge regression does not produce zero
estimates even for large values of λ. The 

lasso regression performs variable selection
and it tends to shrink some of the coefficient
estimates exactly to zero, which makes the
regression model easier to interpret as
compared to Ridge. The RMSE value
calculated on the test set for Lasso is less
than that for Ridge and Elastic Net when λ is 
selected appropriately. Calculating the
RMSE on the test data set provides a good
way to assess the regression model in
contrast to using a single data set. We can
apply our result for several variety of data
sets. But note that regularized models
perform better on high dimensional data set.
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