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ABSTRACT  
 

In this paper, we determined an explicit 

formula for the number of chains of 

subgroups in the subgroup lattice of the 

Heisenberg group where p is a prime. The 

Heisenberg group is the unique non-abelian 

group of order p3 of exponent p. It is a group 

of order p3 with generators x, y and relations: 
𝒙𝒑 = 𝒚𝒑 = 𝒛𝒑 = 𝟏, 𝒙𝒛 = 𝒛𝒙, 𝒚𝒛 = 𝒛𝒚 𝒛 =
𝒙𝒚𝒙−1𝒚−1 
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INTRODUCTION 
 

In Mathematics, group theory is one of the 

most important part of algebra. Group theory 

has an effective framework to analyze an 

object that appears in the symmetric form. It 

plays a vital role to classify the symmetries of 

molecules, atoms, regular polyhedral and 

crystal structures. This theory has become a 

standard and powerful tool to study universal 

genetic code and codon sequences behaviour. 

Group theory is the most important branch of 

Mathematics that has been broadly used in 

algebraic geometry, theoretical physics and 

cryptography. 

The Heisenberg H𝑒𝑝 is a 3-dimensional, 

simply connected, non- Abelian nilpotent 

group. For any odd prime p, Heisenberg 

group is the unique non-abelian group of 

order 𝑝3 of exponent p. If one takes a, b, c in 

Z/pZ for an odd prime p, then one has the 

Heisenberg modulo p. It is a group of order 

p3 with generators x,y and relations:  
 

𝒙P = 𝒚P= 𝒛P =1, 𝒙𝒛 = 𝒛𝒙, 𝒚𝒛 = 𝒛𝒚𝒛 =  𝒙𝒚𝒙−1𝒚−1 

 

One of the most important problems in 

combinatorial group theory is to count the 

number of subgroup chains of a group. Many 

papers have treated various aspects of this  

 

problem in the last few years (Ogiugo et 

al.,2018, Adebisi et al., 2020, Leili et 

al.,2016) . The problem of counting chains of 

subgroups of a given group G has received 

attention by researchers classifying fuzzy 

subgroups of G under a certain type of 

equivalence relation (see Marius,2015, 

Ogiugo et al.,2017, Oh,2012) In this paper, 

we determined the number of chains of 

subgroups in the subgroup lattice of the 

Heisenberg Group using computational 

technique induced by isomorphism classes of 

subgroups of G. 
 

 

PRELIMINARIES 

Let 𝐺 be a set and let 𝜇: 𝐺  [0, 1] be a 

fuzzy subset of G. If G be a group with a 

multiplicative binary operation and identity 𝒆. 

Then 𝜇 is said to be a Fuzzy Subgroup of G if 
 

(1) μ (𝑥𝑦)  ≥ min  {𝜇(𝑥), 𝜇(𝑦)}, 
(2) μ (𝑥−1) ≥ μ  (𝑥) for all 𝑥, 𝑦 ∈ 𝐺 
 

And, since (𝑥−1)−1 = 𝑥, we have that µ(𝑥−1) = 

µ(𝑥), for any 𝑥 ∈ G. Also, by this notation and 

definition, µ(𝑒) = sup µ(𝐺). For each α ∈ µ(G), 

the set µα : = {𝑥 ∈ G|µ(𝑥) ≥ α} is called a 

Level subset of µ 

 

Theorem 2.1 (Volf, 2004) : A fuzzy subset µ: 

G → [0, 1] of a group 𝐺 is fuzzy subgroup if 

and only if all level subsets of µ are subgroups 

of G. 

These level subsets allow us to characterize 

the fuzzy subgroups of 𝐺. This well-known 

theorem gives a link between the fuzzy 

subgroup lattice of 𝐺 and the classical 

subgroup lattice of 𝐺. 

Suppose that the group 𝐺 is finite and let µ: G 

→ [0, 1] be a fuzzy subgroup of 𝐺. Then µ (G) 

is a finite set, Put µ(G) = {α1, α2,….. , αk} 

and assume that α1< α2< ….. <αk .  
Then µ determines the following chain of 

subgroups of G which ends in  
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G: {e}⊆ µGα1 ⊂ µGα2 ⊂ ..…⊂ µGαk = G 
 

Moreover, for any 𝑥 ∈  𝐺 and 𝑖 = 1, 𝑘,̅̅ ̅̅ ̅  
we have 

µ(𝒙) = αi ⇔ αi = 𝒎𝒂𝒙 {j| x ∈ µGαj} ⇔ 

𝒙 ∈µGαi \ µGα1-k 
 

we set µGα0 = 0, then µ(𝑒) = αi 
 

An adequate equivalence relation on the set of 

all fuzzy subgroups of the group must be 

defined to obtain a meaningful classification. 

Without any equivalence relation on fuzzy 

subgroups of group G, the number of fuzzy 

subgroups is infinite, even for the trivial 

group. We say that µ is equivalent to ν, written 

as µ ∼ ν, if we have 
 

µ (𝒙) > µ (𝒚) ⇔ ν (𝒙) > ν (𝒚), ∀𝒙, 𝒚∈G, 
and 

µ (𝒙) = 0 ⇔ ν (𝒙) = 0, ∀𝒙 ∈ G. 
 

Note that the condition µ (𝑥) = 0 holds if and 

only if ν (𝑥) = 0 simply says that the supports 

of µ and ν are equal and two fuzzy subgroups 

µ, ν of G are said to be distinct if µ ν 

This result shows that there exists a bijection 

between the equivalence classes of fuzzy 

subgroups of 𝐺 and the set of chains of 

subgroups of 𝐺 which end in 𝐺. So, the 

problem of counting all distinct fuzzy 

subgroups of 𝐺 can translated into a 

combinatorial problem on the subgroup lattice 

of 𝐺 that is finding the number of all chains of 

subgroups of 𝐺 that terminate in 𝐺 

Let 𝐺 be a finite group and δ(𝐺) be the number 

of chains of subgroups of 𝐺 that terminate in 𝐺 
 

ξ1: 𝑮1 ⊂ 𝑮2 ⊂…⊂ 𝑮k = 𝑮 with 𝑮1 ≠ {𝒆} 

ξ2: {𝒆}⊂ 𝑮2 ⊂…⊂ 𝑮k = 𝑮 
 

It is clear that the number of chains of types ξ1 

and ξ2 are same and denoted by ξ1 = ξ2 if ξ1 

and ξ2 contains same subgroups of 𝐺. 
 

δ (𝑮) = δ (ξ1) + δ (ξ2) 

 

RESULTS 
 

Let δ(𝐺) be the number of subgroup chains of 

group 𝐺 that terminates in 𝐺. Then 

𝛅 (𝑮) = ∑ 𝜹(𝑯) × 𝒏(𝑯) … (#)

𝟐

𝟏
𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝜢 𝝐 ӏ 𝒔𝒐 (𝑮)  

 

Where  

(i) ӏ𝑠𝑜(𝐺) is the set of representatives of 

isomorphism classes of subgroups of G 

(ii) 𝑛(𝐻) denotes the size of the isomorphism 

class with representative 𝐻  
(iii) δ(𝐻e) = δ(𝐻α) = 1, for which 𝐻e is the 

trivial group of and 𝐻α is the improper 

subgroup of 𝐺 
 

In this work (#) was used to obtain the 

number of chains of subgroups of G that 

terminates in G and it was used in to count 

the number of distinct fuzzy subgroups of 

finite abelian group (Amit et al., 2016, 

Ogiugo & Amit, 2020 ) 
 

Proposition 3.1:  

Suppose that 𝐻𝑒7 be the Cartesian product of 

group (𝑍7  x  𝑍7)   ⋉  𝑍7, then δ (𝐻𝑒7) = 260 

 

Proof : 

Let G be 𝐻𝑒7 has following set of 

representatives of isomorphism classes of 

sub- groups with their sizes: [{e}, 1],  

[Z7, 57], [Z7  x  Z7, 8] and [(Z7 x Z7) ⋉Z7, 1] 

 

δ(Z7  x  Z7) ⋉ Z7) = 1 + δ(𝑒) + 57 * δ(Z7) +  

8 * δ(Z7 x Z7) = 260 

 

 
Obviously, this problem of counting all 

chains of subgroups of 𝐺 depends entirely on 

the lattice of subgroups of 𝐺 and not on the 

group itself. 

 

Theorem 3.2:  

Suppose that 𝐺 be (Zp x Zp) ⋉ Zp, where p is 

any prime,  
 

then 
    

δ (𝑮) =  {
𝟑𝟐                              𝑭𝒐𝒓 𝑷 = 𝟐
𝟒𝒑𝟐  +  𝟖𝒑 +  𝟖    𝑭𝒐𝒓 𝒑 ≥ 𝟑

 



VOL 7, NO 1, JUNE 2021.  
ISSN: 2276-7924              www.ijssyabatech.com 

 

57 | P a g e         

 VOL 7, NO 1, JUNE 2021.    ISSN: 2276-7924    

For 𝑝 = 2, 𝐺 is isomorphic to the Dihedral 

group of order 8 and when p is an odd prime, 

𝐺 is isomorphic to the Heisenberg Group 

 

Proof. D8 has the following set of 

representatives of isomorphism classes of 

subgroups with their sizes: [{e}, 1], [Z2, 5], 

[Z2 x Z2, 2], [Z4, 1] and [D8, 1] 

 

δ(D8) = 1 + δ(𝑒) + 5 * δ(Z2) + δ(Z4) +  

2 * δ(Z2 x Z2) = 32 

 

(Zp x Zp) ⋉ Zp has the following set of 

representatives of isomorphism classes of 

subgroups with their sizes:  

 

𝐻𝑒, Zp {(𝑝2 + 𝑝 +  1) 𝑡𝑖𝑚𝑒𝑠}, Zp  x  Zp {(𝑝 + 1) 

𝑡𝑖𝑚𝑒𝑠}, and (Zp x Zp) ⋉ Zp 

 

𝛿(𝑍p  x  𝑍p) ⋉ 𝑍p)  

= 1+ δ(𝑒)+ (𝑝2+ 𝑝 + 1)*δ(Zp)+(p+1)* δ(Zp x Zp) + 6(e) + (p2 + p + 1) * 6(Zp) + (p + 1) * 6(Zp x Zp) 

= 2 + 2(p2+p+1) + (p+1)(2p+4) + 2(p2 + p + 1) + (p + 1)(2p + 4) 

= 2 + 2p2 + 2p + 2 + 2p2 + 4p + 2p + 4 + 2p2 + 2p + 2 + 2p2 + 4p + 2p + 4 

= 4p2 + 8p + 8 

 

CONCLUSION 

This work also showed that a fuzzy subgroup 

is simply a chain of subgroups in the lattice of 

subgroups based on the natural equivalence 

relation. The study of the number of chains of 

subgroups in the lattice of subgroups for larger 

groups in classical group theory is very 

interesting. It will give rise to potential 

applications in solving the combinatorial 

problem of group testing for future pandemics 

within a larger population. 
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